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The statistis of ritial spin-spin orrelation funtions in Ising systems with non-frustrated dis-
order are investigated on a strip geometry, via numerial transfer-matrix tehniques. Conformal
invariane onepts are used, in order to test for logarithmi orretions to pure power-law deay
against distane. Fits of our data to onformal-invariane expressions, spei to logarithmi orre-
tions to orrelations on strips, give results with the orret sign, for the moments of order n = 0− 4
of the orrelation-funtion distribution. We nd an interval of disorder strength along whih orre-
tions to pure-system behavior an be deomposed into the produt of a known n-dependent fator
and an approximately n-independent one, in aordane with preditions. A phenomenologial t-
ting proedure is proposed, whih takes partial aount of subdominant terms of orrelation-funtion
deay on strips. In the low-disorder limit, it gives results in fairly good agreement with theoretial
preditions, provided that an additional assumption is made.
PACS numbers: PACS numbers: 05.50.+q, 75.10.-b
I. INTRODUCTION
Magneti systems with quenhed disorder exhibit
properties whih often dier from those of their homo-
geneous ounterparts. The Harris riterion [1℄ for the
relevane of disorder, with respet to possible hanges of
universality lass at the magneti phase transition, boils
down to the question of whether the pure-system spei
heat exponent α is positive or negative. In the former
ase, the universality lass hanges, relative to that of
the pure system, while in the latter it does not. For
the two-dimensional Ising model, the Harris riterion is
indeisive, as the pure-system spei heat diverges log-
arithmially. Thus, alternative shemes must be formu-
lated in order to investigate this borderline ase. Nowa-
days, mounting evidene [2, 3℄ suggests that the ritial
behavior of two-dimensional Ising ferromagnets is only
slightly modied by the introdution of non-frustrated
disorder. The orresponding hanges are given by loga-
rithmi orretions to pure-system power-law singulari-
ties. Though the theoretial framework underlying suh
orretions is well-understood, their detetion in numer-
ial studies turns out to be a subtle matter [4, 5, 6, 7℄.
Upon introdution of disorder, the saling dimensions
assoiated to the moments of orrelation funtions at rit-
iality aquire multifratal behavior [8℄, haraterized by
a set of independent exponents, as opposed to the pure
ase where a single exponent is expeted.
∗
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It was analytially predited by Ludwig [9℄ that the
moments of the spin-spin orrelation funtions of the dis-
ordered Ising model behave asymptotially as:
[
〈σ0σR〉nJij
]
∼ R−n/4 (lnR)n(n−1)/8 (1)
where n = 1, 2, . . . , and the label Jij denotes average over
quenhed disorder (bond) ongurations. The power-law
term R−n/4 orresponds to the uniform-system orrela-
tion deay, while the logarithmi orretions are given by
(lnR)
n(n−1)/8
. Critial orrelation funtions are non-self
averaging quantities, that is, the width of their distribu-
tion stays essentially onstant as the number of samples
N inreases; however, the sample-to-sample utuations
of averaged values (e.g., the assorted moments just men-
tioned) do go down approximately with the square root
of sample size as the latter inreases [10℄.
For the two-dimensional Ising model, the typial, or
most probable, orrelation funtion, dened for a spei
disorder onguration (i.e., the zeroth order moment of
the distribution), is predited [9℄ to behave as:
G0 ≡ exp [lnG (R)]av ∼ R−1/4 (lnR)−1/8 , (2)
where, again, the uniform-system behavior (G(R) ∼
R−η, η = 1/4) is aompanied by a logarithmi orre-
tion. Note that orretions are expeted to be absent for
n = 1, i.e., for the average orrelation deay. For higher
moments n ≥ 2, the orretion terms should be present,
with orresponding exponents λn ≡ n(n− 1)/8, given in
Eq. (1).
Here we apply numerial transfer-matrix methods, to-
gether with nite-size saling and onformal invariane
onepts, to investigate the random-bond Ising model on
2strips of a square lattie (L×N, N →∞). Our purpose
is to onrm the analytial results derived by Ludwig,
for the exponents ηn = n/4 and λn = n(n − 1)/8, asso-
iated to the moments of ritial orrelation funtions of
the model.
II. METHOD
We onsider a random-bond Ising system on a square
lattie, whose Hamiltonian is given by
H = −
∑
i,j
Jijσiσj , (3)
where σi = ±1 are the (site) spin variables, and Jij
are ferromagneti interations between nearest-neighbor
spins, extrated from the quenhed probability distribu-
tion:
P (Jij) =
1
2
[δ(Jij − J0) + δ(Jij − rJ0)] , 0 6 r 6 1. (4)
The exat ritial temperature βc ≡ 1/kBTc is known
from duality [11, 12℄
sinh(2βcJ0) sinh(2βcrJ0) = 1. (5)
In our alulations we initially onsider a system with r =
1/4, for whih Eq. (5) gives Tc(1/4)/J0 = 1.239 · · · (in
these units, the ritial point of the uniform system is at
Tc(1)/J0 = 2.269 · · · ). We shall also investigate stronger
disorder, by using r = 0.1, 0.05, and 0.01 (for the lat-
ter, the ritial temperature is Tc(0.01)/J0 = 0.5089 · · · ).
The alulation of spin-spin orrelation funtions follows
the lines of Setion 1.4 of Ref. 13, with standard adapta-
tions for an inhomogeneous system[14℄. Taking two spins
on, say, row 1, separated by a distane R, and for a given
onguration C of bonds, one has:
〈σ10σ1R〉C =
∑
σ0σR
ψ˜(σ0)σ
1
0
(∏R−1
i=0 Ti
)
σ0σR
σ1R ψ(σR)
∑
σ0σR
ψ˜(σ0)
(∏R−1
i=0 Ti
)
σ0σR
ψ(σR)
,
(6)
where σ0 ≡ {σ10 . . . σL0 } and orrespondingly for σR; the
bonds that make the transfer matries Ti belong to C.
For pure systems the 2L−omponent vetors ψ˜, ψ are
determined by the boundary onditions; for example, the
hoie of dominant left and right eigenvetors gives the
orrelation funtion in an innite system[13℄. Here, one
needs only be onerned with avoiding start-up eets,
sine there is no onvergene of iterated vetors. This is
done by disarding the rst few hundred iterates of the
initial vetor v0. From then on, one an shift the dummy
origin of Eq. (6) along the strip, taking ψ˜ (ψ) to be the
left (right) iterate of v
T
0 (v0 ) up to the shifted ori-
gin. In order to avoid spurious orrelations between the
dynamial variables, the respetive iterations of ψ˜ and ψ
must use distint realizations of the bond distribution.
As regards onformal invariane, this has been a fun-
damental tool to the understanding of the ritial behav-
ior of pure systems in two dimensions. Speially, the
spin-spin orrelation funtion on a strip an be obtained
from the onformal mapping w = x + iy = (L/2pi) ln z,
of the plane z = u+ iv onto a strip of width L with peri-
odi boundary onditions aross, leading to the following
asymptoti behavior at ritiality [15℄:
Gpurexy ∼

 pi/L(
sinh2(pix/L) + sin2(piy/L)
)1/2


η
, (7)
where η = 1/4 for pure Ising spins.
For disordered spin systems at ritiality, one expets
onformal invariane to be preserved when averages over
disorder are taken. Indeed, numerial evidene for this
has been found in several instanes, e.g., random-bond
Ising model [4, 10, 14℄, random-bond q-state Potts mod-
els [16℄, random transverse Ising hains at T = 0 (equiva-
lent to the two-dimensional MCoy-Wu model) [17℄, and
Ising spin glasses [18, 19, 20, 21, 22℄.
We rst reall the simpler ase where orrelation de-
ay in the bulk disordered system is purely polynomial.
Considering orrelation funtions on a strip, preservation
of onformal invariane in the sense just dened means
that the deay-of-orrelation exponents ηi, assoiated to
the assorted moments mi of the probability distribution
(PDF) of orrelation funtions in the disordered magnet,
an be determined via an extension of Eq. (7), i.e. by
assuming:
mi ∼ z−ηi , z ≡
(
sinh2(pix/L) + sin2(piy/L)
)1/2
. (8)
The ηi an be extrated by tting numerial data to
Eq. (8). Thus far, it has been found that results derived
in this way (e.g. for spin glasses) are onsistent with
those oming from dierent analytial methods whih do
not expliitly invoke onformal invariane [18, 21, 22℄.
Before going further, one must reall that an extensive
analysis of the inauraies assoiated to the nite strip
width L, arried out in Ref. 21, indiates that nite-width
eets are essentially subsumed in the expliit L depen-
dene given in Eq. (7). Thus, higher-order nite-size or-
retions presumably do not play a signiant role in the
onformal-invariane properties of assorted moments of
the orrelation-funtion PDF (at least when ritial or-
relation deay in the bulk is purely power lawlike).
Turning now to the present ase, one must envisage
how the multipliative logarithmi orretions, predited
in Eqs. (1) and (2) for bulk orrelations, translate onto a
strip geometry. Aording to Refs. 23, 24, for distanes
R ≫ L along the strip the orrelation deay should be
exponential, with mn ≡ Gn(R) ∼ exp(−R/ξn), where
L
piξn
= ηn − λn pi b g(lnL) +O(g2) . (9)
In the above, b is a universal amplitude related to the
3normalization of the three-point funtion [23, 24℄, and
g(lnL) =
g0
1 + pi b g0 lnL
, (10)
where g0 is proportional to the intensity of disorder. In
the limit L → ∞, Eq. (9) turns into a g0independent
form,
L
piξn
= ηn − λn
lnL
+O( 1
lnL
)2 , (11)
A semi-quantitative veriation of Eq. (11) was given, for
n = 0 only, in Ref. 4.
In Se. III, we at rst apply Eq. (8) to our data, i.e.
logarithmi orretions are not expliitly onsidered. The
idea is to keep as lose as possible to the framework in
whih onformal invariane is known to apply to disor-
dered systems, and hek whether the resulting eetive
exponents, ηeffi , deviate from their pure-system values
in a way onsistent with the orretions predited in
Eqs. (1) and. (2). Then we attempt to extrat quantita-
tive information, by omparing our numerial results to
Eq. (9), as well as its asymptoti form, Eq. (11). Finally,
we investigate a phenomenologial sheme to inorporate
subdominant orretions to exponential orrelation deay
on a strip, whih is subsequently applied to the analysis
of low-disorder data.
III. NUMERICAL RESULTS
Estimation of unertainties assoiated to the several
moments of the orrelation-funtion PDFs follows the
proedure desribed in Ref. 10, where it was shown that
for nite-width strips of length N , the width of the PDF
remains onstant as N varies. Though the dispersions
∆G (or ∆(lnG)) do not shrink down to zero, it is possi-
ble to extrat reliable information about average values,
as the dispersion of these among independent samples
is proportional to 1/
√
N . One an hek, for instane,
that utuations of said averages are . 1% for a strip of
length N = 106.
In Fig. 1, we present the moments mn of the
orrelation-funtion PDF against the variable z, where
we used L = 16 and N = 105 for 1 ≤ x ≤ 5, 0 ≤ y ≤ 8.
From least-squares ts of the data, one an nd estimates
for the eetive exponents ηeffi in the form suggested by
Eq. (8). Results are displayed in Table I. Deviations
from pure-system values are onsistent with the signs pre-
dited for logarithmi orretions from Eqs. (1) and (2),
namely an enhanement for n = 0, approximate neutral-
ity for n = 1, and redution for n ≥ 2.
In order to produe a more quantitative analysis, we
now resort to Eqs. (9), (11).
In all ases to be desribed below, we used L = 10, and
the horizontal distane x was taken long enough in order
to try and detet the eets whih give rise to logarith-
mi orretions [23, 24℄, see Eqs. (9), (11). In pratie,
Figure 1: (Color online) Double-logarithmi plot of mo-
ments of the orrelation-funtion distribution, against z =(
sinh2(pix/L) + sin2(piy/L)
)1/2
, for r = 1/4, L = 16, N =
105. Lines are least-squares ts of single power-law form to
data, from whose slopes one extrats estimates for the ηeffn of
Eq. (8).
Table I: Estimates of eetive exponents ηeffi , from least-
squares ts of moments of orrelation-funtion distributions
to the form mi ∼ z
−ηeffi
. Data for r = 1/4, L = 16 and
N = 105.
i ηeffi
0 0.271(2)
1 0.252(2)
2 0.473(4)
3 0.671(8)
4 0.85(1)
we used 12 . x . 35 lattie spaings along the strip,
as it was notied that the use of larger x gave rise to
large sample-to-sample utuations, thus ompromising
the auray of our data. Also, and for the sake of sim-
pliity, we made y = 0.
Here we evaluated 10 independent estimates for N =
105 for the moments of the orrelation-funtion PDF,
and took error bars as three times the standard devia-
tion among these. This was neessary, sine it is these
unertainties whih onstitute the single major impedi-
ment to the aurate estimation of the exponents ηn and
λn.
In the semi-logarithmi plot of Fig. 2, one an see that
4Figure 2: (Color online) Semi-logarithmi plot of moments
of the orrelation-funtion distribution, against distane R
along the strip (i.e. making y = 0 in Eq. (7)). Straight lines
are least-squares ts of data, from whose slopes the assorted
values of λn in Table II have been estimated (see text). Here
r = 1/4, L = 10, N = 105.
Table II: Estimates of exponents λn, from least-squares ts
of moments of orrelation-funtion distributions to a pure-
exponential deay form, as given by Eq. (11), keeping the ηn
xed at their pure-system values: η0 = 1/4, ηn = n/4 (n ≥ 1).
Data for r = 1/4, L = 10 and N = 105. Unertainties in last
quoted digits are shown in parentheses.
n λn (al.) λn (expeted)
0 −0.05(1) −1/8
1 −0.0012(7) 0
2 0.081(1) 1/4
3 0.218(2) 3/4
4 0.405(4) 3/2
an exponential deay with distane, whih is a preondi-
tion for Eqs. (9), (11) to apply, has set in to a good degree
of auray for the range of R depited. We rst heked
whether the values of strip width L = 10, and disorder
r = 1/4 used so far, might orrespond to the asymp-
toti regime desribed by Eq. (11). The orresponding
estimates for λn, shown in Table II, have been extrated
from least-squares ts of our data to the form given in
Eq. (11), by keeping the ηn xed at their pure-system
values: η0 = 1/4, ηn = n/4 (n ≥ 1).
As an be seen, though the estimates extrated from
our data have their sign as predited, their magnitude
is at most only about one-third of the expeted (exept
for n = 1, in whih ase the alulated result may be
taken as broadly onsistent with the predited absene
of orretions). The most likely explanation for suh dis-
repany is, therefore, that the asymptoti regime has
not been reahed yet. Similar onsiderations were used
in Ref. 23, where the 4-state Potts model was analysed
with help of the generi (i. e., non-asymptoti) form,
Eq. (9). From free-energy data, the numerial values of
g(lnL) for L = 6− 10 were extrated, and it was shown
that they explained the respetive deviations of gap sal-
ing data from their known exat values.
A major obstale to following the same steps here is
the presene of randomness, whih severely limits the
auray of both free-energy (see, e g., Ref. 14) and
orrelation-funtion estimates. Furthermore, the exat
bulk free energy is not known, ontrary to the ase of the
4-state Potts model [23℄.
We then ompared orrelation-funtion data pertain-
ing to dierent values of L, namely L = 10 and 16 (both
for r = 1/4). We found that, e. g., tting L = 16 results
to the asymptoti form Eq. (11) gives estimates for λn
whih fall essentially within the error bars of those given
in Table II for L = 10. In addition to the randomness
eets just mentioned, suh poor resolution also reets
the logarithmi L-dependene of the orretions under
study, and indiates that for the values of L . 25 within
urrent reah of transfer-matrix alulations, there is lit-
tle hope of extrating reliable information from varying
L.
Next, we investigated the behavior of our results
against varying disorder. This means varying r in Eq. (4),
whih orresponds to hanging g0 in Eq. (10). The atual
funtional dependene g0 = g0(r) is not known, apart
from the basi fat that g0 must inrease as r dereases
towards zero. A similar degree of freedom is absent in
the 4-state Potts model investigated in Ref. 23. From
Eqs. (9), (10), and (11), by doing this for xed L one
expets to move along the rossover between small and
largeL regimes.
We alulated moments of order 0−4 of the orrelation-
funtion PDFs, for r = 0.1, 0.05, and 0.01. Fits of our
data to the asymptoti form, Eq. (11), are shown in
Fig. 3. For eah n 6= 1, the sign of alulated exponents
remains in agreement with preditions and their abso-
lute value inreases with inreasing disorder (λ1 remains
lose to zero, reahing 0.07(1) for r = 0.01). However,
the trend against inreasing disorder is learly towards
overshooting the theoretial preditions, with no sign of
stabilization.
It seems reasonable to exlude the possibility of non-
monotoni behavior for even smaller r, whih would then
bring the estimated exponents bak to their predited
values. The simplest explanation for the behavior de-
pited in Fig. 3 is that, at r . 0.05 or thereabouts (for
xed L = 10), the eets of the perolation xed point at
r = 0, Tc(0) = 0, are beginning to manifest themselves.
Indeed, the desription synthesized in Eq. (9) impliitly
5Figure 3: (Color online) Logarithmi orretion exponents
λn, alulated via the asymptoti expression, Eq. (11) from
moments of the orrelation-funtion distribution, against dis-
order intensity r (disorder inreases with dereasing r, see
Eq. (4)). Error bars are of the same order of, or smaller than,
symbol sizes. Dashed horizontal lines starting on vertial axis
mark expeted values of λn = −1/8, 0, 1/4, 3/4, and 3/2
respetively for n = 0− 4. All for L = 10, N = 105.
envisages a perturbation senario where pure-Ising rit-
ial behavior is modied by a marginally-relevant oper-
ator, whih indues the logarithmi orretions investi-
gated here. Thus it is plausible that suh framework
would fail to inlude the extreme disorder lose to the
zero-temperature xed point.
In order to hek this hypothesis, we must go bak to
the non-asymptoti form, Eq. (9), and ask whether (for
xed L) there is a range of disorder in whih the orre-
tions to the pure-system exponents an be deomposed
into the produt of an n-dependent and an n-independent
fator (respetively, λn and pib g(lnL)) as in Eq. (9), and
whether suh range is limited by inreasing disorder. As
pointed out above, in ontrast with Ref. 23 here we are
allowed to vary g0, whih an then substitute for the L-
variation investigated in that Referene.
We assumed the ηn and λn to have their exat pre-
dited values and, from the numerial estimates of mo-
ments of orrelation-funtion PDFs, alulated pib g(lnL)
for n = 0, 2, 3, and 4. The results are exhibited in
Fig. 4. We rst note that the n = 0 data show a muh
wider range of variation than the rest. This may be re-
lated to spei properties of the zeroth moment of the
orrelation-funtion PDF, in whose alulation the o-
urrene of small values plays a disproportionately im-
portant role (ompared to the moments of order n ≥ 1).
Figure 4: (Color online) Estimates of pi b g(lnL) of Eq. (11)
(assuming ηn, λn to have their exat values) alulated from
moments of the orrelation-funtion distribution, against dis-
order intensity r. Error bars are of the same order of, or
smaller than, symbol sizes. All for L = 10, N = 105.
However, we annot advane a spei explanation at
this point. We deided to onentrate on the analysis of
n = 2− 4 data, whose average gives pib g(lnL) = 0.30(3)
for r = 1/4, and 0.56(8) for r = 0.1. For smaller r we
see that the satter beomes larger, in a way onsistent
with the idea that the physial piture of Eq. (9) beomes
frayed as disorder inreases. The agreement is qualitative
and, to a fair extent, quantitative, inasmuh as both Fig-
ures 3 and 4 onur in indiating r ≈ 0.1 as the threshold
beyond whih the perturbative view denitely fails (for
L ≈ 10, that is; for larger L suh threshold would pre-
sumably move towards higher disorder).
We now return to the relatively low-disorder ase of
r = 1/4, and investigate whether a perturbative sheme
exists, whih may aount for the features exhibited by
orrelation funtions on a strip geometry. Speially,
Eq. (9) predits that, in the disordered system, orre-
lations on a strip still deay purely exponentially, as in
pure-Ising strips, only with a small hange in the expo-
nent. In the rossover regime to whih L = 10, r = 1/4
ertainly belong, suh inipient modiation may turn up
as an eetive subdominant (i.e. less than exponential)
orretion to our numeris. Thus, one ould expet an
eetive behavior:
Gn(R) ∼ exp(−piR ηn/L) [R]Λn , (12)
where ηn are the pure-system exponents, and subdomi-
nant orrretions are assumed to take the simplest pos-
6sible form of a power law, with the Λn to be deter-
mined. Following this reasoning, and realling the be-
havior of bulk orrelations invoked in Eqs. (1) and (2),
one sees that a literal transposition of the R-dependene
of the latter onto the z-dependene of strip orrelations
(in analogy with Eq. (8)), would mean:
Gn(z) ∼ z−ηn [ln z]λn = [z (ln z)qn ]−ηn , (13)
where η0 = 1/4, λ0 = −1/8, ηn = n/4, λn = n(n −
1)/8 (n ≥ 1), and qn = −λn/ηn. In the regime x =
R ≫ L, y = 0 onsidered in Eq. (9), whih orresponds
to z ∼ exp(piR/L) in Eq. (8), this indeed amounts to
writing
Gn(R) ∼ exp(−piR ηn/L) [R]λn , (14)
i.e., pure-Ising exponential deay with power-law orre-
tions. Sine Eq. (13) does not, as far as we are aware,
have a rigorous justiation on the basis of onformal in-
variane, the predited identiation Λn = λn extrated
from omparison of Eq. (12) to Eq. (14) must be regarded
warily. Nevertheless, from the preeding analysis summa-
rized in Tables I and II, for eah n one expets Λn and
λn to have the same sign and, possibly, to be of similar
orders of magnitude. Therefore, in what follows we shall
take onsiderations based on Eq. (13) as a starting point
to reanalyze the set of data displayed in Fig. 2.
Using Eq. (13), the moment of order n = 0 must orre-
spond to q = 1/2. In Fig. 5, tting data for the moment
of order n = 0 we at rst xed q = 1/2 (as suggested by
Eq. (2)), and allowed η0 to vary in Eq. (13). The best
t was found for η0 = 0.2505(7), orresponding to a χ
2
per degree of freedom (χ2d.o.f.) equal to 0.012. We then
xed η0 at the entral estimate just found, and allowed
Λ0 of Eq. (12) to vary. The χ
2
d.o.f. for this latter t are
displayed in the insert of Fig. 5, with a lear minimum
at Λ0 = −0.125.
Aording to Eq. (1), the moment of order n = 1 is
not expeted to present logarithmi orretions. In order
to hek this, we xed q = 0 in Eq. (13) and allowed
η1 to vary. The best t, shown in Fig. 6, was found
for η1 = 0.2505(1), very lose to 1/4 of a uniform sys-
tem, orresponding to a χ2d.o.f. = 0.02. In the insert of
the Figure, one an see that, upon keeping η1 xed at
the entral estimate quoted above, and allowing Λ1 of
Eq. (12) to vary, the losest t indeed ours for Λ1 = 0.
When turning to higher-order moments n ≥ 2, we no-
tied that it was not possible, in general, to produe good
ts of the whole range of data displayed in Fig. 2 to the
variables suggested by Eq. (13). However, subsets of the
data did t well against suh variables, as is illustrated
in Fig. 7. We shall return to this point at the end of the
Setion.
For the moment of order n = 2, again we xed
q = −1/2 in Eq. (13) and allowed η2 to vary. The
best t was found for η2 = 0.4992(8), orresponding to
a χ2d.o.f. = 0.03. Data for this setup are displayed in the
Figure 5: (Color online) Main diagram: double-logarithmi
plot of moment of order n = 0 of orrelation-funtion
PDF, against [z (ln z)q] for q = 1/2. Line orresponds to
η0 = 0.2505 (best estimate obtained for xed q = 1/2, see
text); L = 10, r = 1/4. Insert: semi-logarithmi plot of
χ2d.o.f. against −Λ0, for ts of n = 0 moment data against
z−η0 [ln z]Λ0 , with η0 = 0.2505 (xed).
Table III: Estimates of exponents ηn and Λn, from least-
squares ts of moments of orrelation-funtion distributions
obtained with Gn(z) ∼ [z (ln z)
qn ]−ηn , as given by Eq. (13);
see also Eq. (12). Data for r = 1/4, L = 10 and N = 105.
Unertainties in last quoted digits are shown in parentheses.
n ηn Λn
0 0.2505(7) −0.124(4)
1 0.2505(1) 0.000(2)
2 0.4992(8) 0.248(6)
3 0.751(2) 0.75(1)
4 1.032(6) 1.54(4)
main diagram of Fig. 8. In the insert of the Figure, we
kept η2 xed at the entral estimate just found, and al-
lowed Λ2 of Eq. (12) to vary. The χ
2
d.o.f. of the respetive
ts are shown, with a lear minimum at λ2 = 0.25.
The previous proedure was applied for the moments
of orders n = 3 and n = 4. The results for all investigated
exponents, ηn and Λn are displayed in Table III.
It an be seen from Table III that both auray and
preision (the latter, upon omparison with theoretial
preditions of λn) of results beome lower for higher-
order moments; in partiular, our estimate of η4 al-
ready diers somewhat from η4 = 1 predited in Eq. (2)
7Figure 6: (Color online) Main diagram: double-logarithmi
plot of moment of order n = 1 of orrelation-funtion PDF,
against [z (ln z)q] for q = 0. Line orresponds to η1 = 0.2505
(best estimate obtained for xed q = 0, see text); L = 10,
r = 1/4. Insert: semi-logarithmi plot of χ2d.o.f. against Λ1
, for ts of n = 1 moment data against z−η1 [ln z]Λ1 , with
η1 = 0.2505 (xed).
Figure 7: (Color online) Double-logarithmi plot of higher-
order moments of orrelation-funtion PDF, against [z (ln z)q]
with q = −1/2, −1, and −3/2 respetively for n = 2, 3, and
4. Thik ontinuous lines show range of data used in least-
squares ts of the ηn for q xed as above. L = 10, r = 1/4.
Figure 8: (Color online) Main diagram: double-logarithmi
plot of moment of order n = 2 of orrelation-funtion PDF,
against [z (ln z)q] for q = −1/2. Line orresponds to η2 =
0.4992 (best estimate obtained for xed q = −1/2, see text);
L = 10, r = 1/4. Insert: semi-logarithmi plot of χ2d.o.f.
against Λ2, for ts of n = 2moment data against z
−η2 [ln z]Λ2 ,
with η2 = 0.4992 (xed).
(though that for Λ4 is onsistent, at the margin, with
λ4 = 3/2 from the same Equation). For n > 4 we have
found that the situation worsens onsiderably. This is
beause: (i) short-distane deviations from asymptoti
behavior tend to inrease with n, and (ii) at the rel-
atively long distanes where asymptoti behavior sets
in, the orrelation funtions themselves, and a fortiori
their higher moments, beome smaller, and their aver-
ages prone to higher relative utuations. We reall the
trend illustrated in Figure 7, against inreasing n: for
all three sets of data shown there, the thik ontinuous
lines (orresponding respetively to 19 ≤ x ≤ 32 (n = 2),
21 ≤ x ≤ 32 (n = 3), and 20 ≤ x ≤ 31 (n = 4)) de-
note the range of data used to extrat the results quoted
in Table III. One sees that, sine |q| inreases with n,
sets of data for the same range of x beome more om-
pressed when plotted against [z (ln z)
q
], thus inreasing
unertainties upon tting.
As one might expet, suh a piture of good ts to
Eq: (12), produing estimates of ηn and λn quite lose
to the exat values, does not hold for higher disorder.
For instane, already for r = 0.1, n = 2, our best t to
Eq. (12) gives η2 = 0.433(1), λ2 = 0.019(5) (χ
2
d.o.f. =
0.04). Fixing η2 = 1/2, λ2 = 1/4 gives χ
2
d.o.f. ≈ 24.
8IV. CONCLUSIONS
We have tested the theoretial preditions, given in
Eqs. (1) and (2), of logarithmi orretions to the
asymptoti behavior of spin-spin orrelation funtions, in
the two-dimensional (unfrustrated) random-bond Ising
model. The use of a strip geometry has been a-
ompanied by the orresponding nite-size saling and
onformal-invariane onsiderations. So far the validity
of the latter, when dealing with non-uniform systems,
refers to disorder-averaged quantities, and has been es-
tablished only in ases where ritial orrelation deay is
purely polynomial [18, 21, 22℄.
From examination of short-distane data (see Fig. 1,
and Table I), we ould only establish that the eetive ex-
ponents obtained were onsistent with orretions of the
same sign as predited by theory. The situation is similar
to that found in Ref. 7, where the onformal mapping of
the square lattie on a nite square was used, and only
n = 0 was investigated . Those authors onluded that,
for the size of latties used, they would be able only to
assert that the sign of orretions was as predited.
By onsidering suitably long distanes along the strip,
we attempted to reah the regime where the eet of log-
arithmi orretions on a strip geometry is expeted to be
more easily isolated, as predited in Refs. 23, 24. Allow-
ing the intensity of disorder to vary produed a piture
in whih one is able to identify the approximate range of
validity of the results given in Refs. 23, 24, even for strips
of relatively small width. This relies essentially on iden-
tifying the interval of disorder strength r, along whih an
approximately n-independent fator an be isolated from
numerial data, in aordane with the non-asymptoti
forms predited in Eq. (9). The orresponding data are
shown in Fig. 4.
We also produed a phenomenologial tting sheme,
expeted to work at low disorder, and synthesized in
Eq. (12), from whih estimates of the postulated expo-
nents Λn were extrated. While the analogy to Eq. (8),
used to establish Eqs. (13) and (14), seems short of a
rigorous justiation on the basis of onformal invari-
ane, the ensuing predition that Λn = λn appears to be
baked to a large extent by our numerial data for low
disorder r = 1/4. As expeted, the validity of suh a
sheme does not extend far towards inreasing disorder.
In summary, the evidene shown here provides a hek
of the validity of Eqs. (1) and (2) for disordered Ising sys-
tems, in the appropriate limit of long distanes. It would
be interesting to asertain whether any deeper onne-
tion lies between the phenomenologial form Eq. (12) and
onformal-invariane properties.
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